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ABSTRACT

For a Chevalley group G over a field of characteristic 2 we determine
all irreducible modules V' over GF(2) such that [V,R,Q] = 0, where
R is a long root group and Q = Z3(0O3(Ng(R))). As a corollary we
obtain a classification of those irreducible modules admitting a quadratic
fours group E which intersect a long root group nontrivially but is not
contained in such a group.

Introduction

One of the main tools in the quite recent theory of parabolic systems is the
knowledge of GF(p)-modules V for the groups involved admitting quadratically
acting p-groups.

Let G be a finite simple group, V a GF(p)G-module, p a prime. We call V
quadratic if there is a nontrivial p-subgroup E of G such that [V, E, E] = 0. For
p 2> 5 the groups G possessing such a module have been studied by J. Thompson
[Th]. For p = 3 results have been obtained by Ch.Ho [Ho]. The corresponding
modules for the groups of Lie type have been classified by A.A. Premet and
I.D. Suprunenko [PS]. Similar results have been obtained by U. Meierfrankenfeld
[Mei]. If p = 2 the definition of a quadratic module is not any restriction at all as
for any involution z we have [V, z,z] = 0. So in this case we have to add a further
assumption. In [MeiStrl] and [MeiStr2] the case of G a sporadic simple group,

an alternating group or a group of Lie type over a field of odd characteristic was
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investigated under the additional assumption that |E| > 4. Again this seems not
to be the right condition for groups of Lie type over a field of characteristic 2, as
root groups tend to act quadratically on many modules. So a classification, which
might be possible, would contain a long list of modules defined over GF(q) (if G
is defined over GF(q)) and so would be just too long for interesting applications.
This paper is a first step in obtaining a satisfactory result for quadratic modules
for Chevalley groups over GF(q), ¢ = 2*. We are going to prove the following
theorem.

THEOREM: Let G = G(q) be a Chevalley group over GF(q), ¢ = 2". Let R be
a long root group and Q = Z3(02(Ng(R))). Let V be a nontrivial irreducible
GF(2)G-module with [V, R,Q] = 0. Then one of the following holds:
(i) G ~ (S8)L(n,q) or (S)U(n,q) and V = V(X) for some fundamental weight
A

(ii) G ~ Q*(2n,q) or Sp(2n,q) and V is the natural module or a spin module.

(iii) G ~ E¢(q) and V = V(A1) or V(Xe).

(iv) G ~ E¢(q) and V = V(7).

(v) G ~ %E¢(q) or Fy(q) and V = V()y).

(vi) G ~ G2(q) or 3Dy(q) and V is the natural module.

In section 1 we prove the Theorem, and then in sections 2 and 3 we deduce
the following corollaries. In fact corollary 1 had originally inspired the work of
this paper.

COROLLARY 1: Let G = G(q) be a Chevalley group over GF(q), ¢ =2", and V
be a nontrivial irreducible GF(2)G-module. Let X be some nontrivial elementary
abelian 2-subgroup of G such that [V, X, X?] = 0 whenever [X,X9]=1,g € G.
Then V is one of the modules in the theorem or G ~ (S)U(3,q) and V is a basic
module (8-dimensional module) or G = Sz(q) and V is the natural module.

A question like the one of corollary 1 recently occurred in a paper of Timmesfeld

[Ti]. If E is a quadratic fours group we get the following corollary.

COROLLARY 2: Let G = G(q) be a Chevalley group over GF(q), ¢ = 2", and V
be a nontrivial irreducible GF(2)G-module. Let E be a fours group such that
[V,E,E] = 0. If E intersects some long root subgroup R of G nontrivially, but
E ¢ R, then either V is one of the modules in the theorem or G 2 Sp(2n,q) or
Fy(q) and V = V() for some fundamental weight X.
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I do not know whether G = Fy{g) and V = V();) really occurs.

For a Chevalley group G let ¢(G) be the minimum value of n such that the
following is true: If V is an irreducible module and A is some elementary abelian
subgroup of G with [V, A, A] = 0 and |A| = 2", then V is one of the modules in
corollary 2. It would be interesting to determine ¢(G).

0. Preliminaries

LEMMA 0.1: Let G be a finite group and (z,y) < G be a fours group acting
nontrivially on some irreducible GF(2)G-module V. Let ¢ ~ y ~ zy and G =
(@g(s), Tg(t)) for any pair s,t from the triple z,y, zy such that (s,t) = (z,y).
Then [V,z] N [V,y] # 0.

Proof: As V is an irreducible module we have @y (z) # Cv(zy). So

[Cv(zy),z] = [Cv(zy),y] # 0.

LEMMA (0.2): Let W be a 2-group which carries the structure of a 2-dimensional
vectorspace over GF(q), ¢ = 2". Let V be a GF(2)W-module on which q of
the ¢ + 1 one-dimensional subspaces of W act quadratically. Then any one-
dimensional subspace of W acts quadratically.

Proof: Let W = W1\W; where W1 = (21,...,2.), W2 = (y1,...,yn) and Wh, W,
are one-spaces which act quadratically. We may assume n > 2.
Let wy,w) € W1, wq,wh € Wy, v € V. We first show

(1) [v,wlw%w;w;] = [vvwlvw;] + [v7w,17w2]
= [v, w), w1] + [v, w2, w}).
For this we use freely the following general facts
[v,ad] = [v,a] + [v,8] + [v,q, b] and
[v,a,b] = [v,b,a] for commuting a, b.

We have

z = [v,wiwg] = [v,w1] + [v, W] + [v, w1, W] = [v,wo] + z = [v,w1] +y
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where z € [V,W;] and y € [V, Wa].
Now

[v, wawz, Wiws] = [z, Wi wy] = [z, W] + [21, W] + [z, wy, wh).
We have

(2, w}] = [v, w2, w}] as [z,w}]] = 0 by quadratic action,
[z, w}] = [v, w1, w}] as [y, w)] = 0 by quadratic action,
(2, k03] = [[vywal, wh,w] = [[o,wsl,whwf] = 0 by quadratic

action.

This establishes (1).

For proving the lemma it is enough to show that for z,y, z22 € Wy, Wy a
one-space in W, y,z € Wy, we get [v,z1y, z22] = 0 for any v € V.

Let y = [Jy™ then set ¥ = [[z]**. So to 21y, 222 there correspond y;7 and
y2Z. Looking at W as a two dimensional vectorspace over GF(q) implies that
there is an antomorphism p of order ¢ — 1 (the multiplication by field elements)
which acts on W) and W, in the same way. Now the ¢ + 1 one dimensional
subspaces of W are just the ¢ + 1 (p)-invariant subgroups of order ¢q. As z,y and
z2z are in W)y there is some power of p mapping z; onto z2 and y onto z. But
then the same power maps y; onto y; and § onto Z, so 4 ¥,y2Z are contained
in some subspace W3. We may assume that W3 acts quadratically. Denote by
Wy = (z1y1,...,ZnYn), & diagonal of W1 W;. We may also assume that W, acts
quadratically. As y7, 2% are in Wy we get with (1)

(2) 0=[v,y7, 2] = [v,,Z] + [v,7, 2] for any pair y,z€ W,veW.

Hence in our situation we have

(3) [v, yl,E] = [’v,:t],Z] and [v’y7y2] = [’U, y,12] y V€ Vv
and

0= Y, Y2z] = yU1, Z N8 .
(4) 0¥ 17 = [v912] + 07wl

So by (2) and (3) we have

%) [v,21,2] = [v,y,x2],v € V.
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This gives [v, 21y, 222] = [v, 21, 2] + [v,y,22] = 0 by (5). 1

LEMMA (0.3) ([S]): Let G be a Chevalley group over GF(q) and V be an ir-
reducible GF(2)G-module. Then @y (K) is an irreducible GF(2)P-module for
any parabolic P of G, where K = O,(P).

LEMMA (0.4):
(a) Let G be a Chevalley group over GF(q), Pi,..., P, be the set of minimal
parabolics of G containing a given Sylow 2-subgroup. Set K; = O3(F;),
i =1,...,n. Let V be an irreducible module over GF(q). Then V is
uniqueley determined by the action of P; on @y(K;),i=1,...,n.

(b) IfV = V(X), A = Y a;\i, i fundamental weights, then (a) says that
i=1 !
whenever P; acts nontrivially on @y(K;), we get a; # 0, otherwise a; = 0.

(c) Let V be as in (b). If all @v(K;) are trivial for all but one ¢ = i and
Cv(K;,) is a natural module, then V = V()) for some fundamental weight
A

Proof: (a) is [RS], while (b) and (c) are easy consequences from (a). |
A consequence of (0.4) we will use quite often is

LEMMA (0.5): Let G be a Chevalley group over GF(q), G % Lyn(g), and R be
some long root subgroup. Let @ = O2(Ng(R)), S € Syla(Ng(R)) and P; the
minimal parabolic with S C P;, P; € Ng(R), 0% (P;/Oy(P;)) = Ly(q). Let V be
some irreducible nontrivial module for G over GF(q) with [V, R, Q] = 0. Suppose
that there is some g € G such that RY C Q, R # R and (RR9) C z€ forz € R},
Then 02I(P,-) has a fixed point on V. Furthermore if V.= V(A),A = 31, a; )\,

X; fundamental weights, then the coeflicient a; of A; corresponding to P; is zero.

Proof: As G % L,(q), we have that Ng(R) is a maximal parabolic of G. Now
we are going to apply (0.1) to (z,z9),z € R!. As Cg(z) = Cc(R) we get
G = (Cg(z), Cs(z9)). So by (0.1) 0 # [V,z] N [V,29] = U. Now (Q,Q9)
centralizes U and so S(@, Q%) = 02'(}’;) has a fixed point on V, i.e. a; = 0 by
(0.4). |
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LEMMA (0.6): Let G ~ S2(q), and let V an irreducible GF(2)G-module. Then
[V,Z(S),S5] #0, for S € Syla(G).

Proof: Suppose false. Then [V, Z(S), Z(S)} = 0. Any two conjugates of Z(S)
generate G. By [BHu;XI,§ 3] there is some involution ¢ € Z(S) inverting some
element w of order 5 in G. As G = (Z(S), Z(S)*) = (i, Z(S)*) we get

V=[V,Z(S)l®[V,2(5)"] = €v(Z(S))® Cv(Z(S)")
and

Cv(i)n Cv(Z(S)*) =0.

So @v(i) = Cv(Z(S)) and Cy(:) N Cy(w) = 0. As ¢ normalizes (w) we get
Cv(w) = 0. By [Mar] V is the natural module. But then [V, Z(S),S] # 0,
[BHu;XL3§ 3]. 1

LEMMA (0.7): Let G = Gz(q), ¢ = 2", V be a nontrivial GF(2)G-module,
R a long root subgroup of G. Let Gy = Ng(R), G; be the other minimal
parabolic containing a Sylow 2-subgroup S of G;. Set Vi = Cyv(0:(Gy)). If
[Va,0% (G2)] = 0 and [V, R, R} = 0, then [W;, S, S] = 0.

Proof: Set @ =[\,¢g, 02(G1)?. Then |Q| = ¢*. Set V3 = €v(Q).

We have V; C V5. As (G4, Gz2) = G, Vi # V3. We study the action of G; on Vs.
Let g € G such that S = 02(G2)R?. By assumption [V3, RY,R?] = 0. As S/Q
is isomorphic to a Sylow 2-subgroup of Ls(q), there is an elementary abelian
group W of order ¢% in S/Q such that S/Q = W(0,(G2)/Q) and RIQ/Q C
W. As W carries the structure of a 2-dimensional vectorspace over GF(q) and
R9Q/Q corresponds to a one-space, we get with (0.2) that W N 02(G;)/Q acts
quadratically on V3. Now also O2(G2)/@Q carries the structure of a 2-dimensional
vectorspace over GF(¢) and WN0O;(G2)/Q is a one-space. Now any one-space in
0,(G2)/Q acts quadratically on V3 as all one-spaces in O2(G2)/Q are conjugate
under G3. There is a subgroup T of O3(G3) such that TQ/Q is a one-space in
02(G3)/Q and TO,(G,) = S. Hence [V4,T,T] C [V5,T,T] =0 andso[W4, 5, 5] =
0. 1

For what follows we fix the following: Let M be some irreducible GF(2)-
module for G = G(g). Then M ® GF(q) is a direct sum of algebraic conjugates
of some irreducible GF(q)-module V. If M @ GF(q) is an algebraic conjugate of
a fundamental module for some fundamental weight A we write M = V().
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As the assumptions of the theorem and the corollaries are independent of the
field, it is enough to prove the theorems for V' to be an irreducible GF(g)-module,
where G is defined over GF(q).

1. Some special modules

Hypothesis 1: Let G be a Chevalley group over GF(gq), ¢ = 2™. Let R be some
root group and Q = Z3(0z(Ng(R))). In case G = Sp(2n, q) or Fy(q) we assume
in addition R to be long. Let V be a nontrivial irreducible GF(q)G-module.
Assume [V, R, Q] = 0. ]

In this chapter we always work under hypothesis 1. Remember that if G is not
L(2,q), Sp(4,q) or 2Fy(q) then R = Q'. Furthermore in all cases but 2F,(q) we
have Q@ = O3(N¢(R)).

LEMMA (1.1): Let H be a maximal parabolic of G such that [V, R,O2(H)] = 0.
If there is some g € G such that R C H — Oy(H) and [R?,S] C O(H) for some
S € Syl,(H) and [ @v(02(H)), R?] # 0, then for the minimal parabolic P of
G containing S but P ¢ H we get [ Cy(S),0% (P)] = 0. Soif V.= V(\),A =
Soi i aiXi, A fundamental weights, then a; = 0, where P = P;.

Proof: Set X = @v(O(H)). Then by assumption [R?,X] # 0. As [S,R9] C
O,(H), we have that [R?, X] is invariant under S. This gives €y (S)N[RY, X] # 0.
By (0.3) @v(S) C [R?,X]. So Cv(S) is centralized by (S,0,(H)9) € H. |

LEMMA (1.2) : Let G = SL(n,q), n > 2, then V = V() for some fundamental
weight X.

Proof: Let first n = 2. Then by hypothesis 1 we have [V, S, S] = 0, for some
Sylow 2-subgroup S of G. So the assertion follows with [Hig].

The general case we treat by induction on n. We have n > 3. Let Gy be the
stabilizer of a point and G,—; be the stabilizer of a hyperplane incident to the
point for G in the natural representation of G. Then Ng(R) = Gy N Gp—;y.
Let K; = 05(G;) and H; a complement of K; in 02'(G5), t =1,n—1. Set
Vi = @v(K;). As there are conjugates of R? contained in Hy, H,_; respectively,
with @9 NH; = Z3(02(Ny,(R9))) we get by induction that V; are trivial modules

or fundamental modules.
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Let V = V(A),A = Z?____ll a;Ai. Now as V] is trivial or fundamental, we get
with (0.4) that for j > 1 there is at most one a; # 0. Similarly for V,,_;. Together
we have either just one a; is nonzero hence 1 and so V' = V(A), A a fundamental
weight, or A = a1\ +@p—jAn—1. In the latter [V, R, H1NH,_;] = 0. Application

of (1.1) now yields the contradiction ay = 0 = ap_;. |
LEMMA (1.3): Let G be 2*(2n,q), n > 4, then V is the natural or spin module.

Proof: Let Gy, Gn-1, G5 be the three maximal parabolics with connected
diagram, i.e. 0¥ (G1/Ky) =~ QF(2n — 2,q), 0% (Gn-1/Kn-1) ~ 0¥ (Gn/K,) =~
SL(n,q), where K; = 02(G;). Set V; = Cv(K,).

As there are conjugates of R in G; intersecting Kj trivially, : = 1,n,n — 1, we
may apply (1.2) or use induction. Let V' = V(A), then this puts restrictions on
the coefficients other than a;, for A = E;;l a;)i. So we have that V] is either
trivial, a natural module or a spin module.

Suppose first that V; is trivial. Then by (1.2) both V,_;, V, are natural
modules and so by (0.4) V is the natural module.

So we may assume that V; is nontrivial. Let ¢ € G such that R < Q@ — R.
Then by (0.5) O (P;) has a fixed point on V and a; = 0. This shows that ¥
has to be a spin module. So we may choose notation such that a, = 0. Then
we get with (1.2) that V,, is the natural module and so V;,—; is a trivial module.

Hence we have that V is a spin module. |

LEMMA (1.4): Let G be 27(2n,q), n > 3. Then V is the natural module or the

spin module.

Proof: We first treat the case n = 3. Let G1, G be the two maximal parabolics
containing a Sylow 2-subgroup S, where we choose notation such that G, =
Ng(R). As R acts quadratically and § = R90;(G?) for some g € G, we get
that V3 = @v(02(G?)) is either a trivial 0?(G2/0,(G2)) module or the natural
SL(2,¢)-module.

Suppose first that V; is not a trivial module. We may assume R? < O3(Gh).
Now we have W = [V,R] N [V,R9] # 0. This gives that W is centralized by
(@,Q9). Thus 0% (G1) = (Q,Q?)S has a fixed point on V, where S € Syly(G1).

So we have that V is the natural module.
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Suppose now that V; = [V, R] is a trivial module for 0% (G;). Then
[V,R,04(G1)] =0

and so [V, 02(G1),02(G1)] = 0, as 02(G1) is generated by G1 - conjugates of
R. Now there is some kb € G such that 03(G1)(02(G1)* N G1) = S. Hence a
Sylow 2-subgroup of SL(2,¢?) acts quadratically on V;, which gives that V; is
the natural SL(2, ¢%)-module. So by (0.4) V is the spin module.

So assume now n > 4. Let G be the maximal parabolic such that 02'(G1 /K1)
~ 07 (2n—-2,q), K1 = 03(G1). Set V; = €y (K};). Then by induction V] is trivial,
a natural module or a spin module for G;. Let G,,_1 be the maximal parabolic
containing a Sylow 2-subgroup of G; such that 0% (Gn_1/Ka_y) ~ SL(n—1,q),
K,y = 02(Ga—1). Set Vs = @y(Kn—1). Then by (0.3) and (1.2) V,—; is
either trivial or a fundamental module. In particular (0.4) puts restrictions on
the coefficients a;, V = V(A), A = Y1 ; aidi.

Suppose first that V; is trivial. Then we have that V,,_; has to be the natural
module. So just a; is nonzero and hence V is the natural module by (0.4).

So let Vi be nontrivial. Let ¢ € G such that RY < @ — R. Then by (0.5) we
have a; = 0. Hence V} is the spin module. So a; =0 for¢ > 1,7 #n— 1. If now
Va—1 is a trivial module we get a; = 0 and so V' is the spin module. So assume
that V,—1 is nontrivial. Then a; # 0 and so V,_; has to be the natural module.
Now by (1.1) €v(S) is centralized by 02'(P,,_1), $0 an—1 = 0, contradicting the
fact that V; is a spin module. ]

LEMMA (1.5): Let G be Sp(2n,q), n > 2, and R be a long root group. Then V

is the natural module or the spin module.

Proof: Let first n = 2. Let G1 = Ng(R). Then as S = QR € Syla(G,) for
suitable g € G, we get that Cv(Q) is either a trivial or a natural SL(2, ¢)-module
for 02 (G1/Q) ~ SL(2,q).

If @v(Q) is the natural module, we get that 0 # [V, R] N[V, RY] is centralized
by (Q,Q9), and so Ty (S) is centralized by S(Q, Q%) = 0¥ (G;), where G, is the
other parabolic containing S. Hence V is the natural module by (0.4).

Let €v(Q) be a trivial module. Then [V, R, 02(G2)] = 0 and so [V, 0,(Gz), O;
(G2)] = 0, as O2(Gz) is generated by G2 — conjugates of R. As

S = Oz(Gg)(Og(Gz)h n Gz)
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for suitable A € G, we get that V2 = @v(02(G2)) is the natural module for
0% (G3/02(Gs)) ~ SL(2,q). Then V is the spin module.

Let now n > 3. Let G;, G, be the maximal parabolics containing a given
Sylow 2-subgroup S such that

0% (G1/Ky) ~ Sp(2n— 2,q) and 0% (Gn/K,) ~ SL(n,q),

where K; = 02(G;), ¢t = 1,n. Set V; = Cv(K;), i = 1,n. By induction we have
that 1} is a trivial module, a natural module or a spin module. By (1.2) V,, is a
fundamental module. Let

V=V(Q), A=) al
i=1

If W, is trivial we get with (0.4) a; = 0 for i # 1. So a; # 0 and V is the natural
module.

So suppose that Vj is nontrivial. Choose RY < @—R. Then (0.5) yields a; = 0.
In particular we get that V) is a spin module, implying a, # 0. If V,, is trivial,
we get that V is the spin module. So assume that V, is the natural module.
But as in (1.4) we get that @y(S) is centralized by 0% (P,) and so a, = 0, a

contradiction. B

LEMMA (1.6): Let G be SU(n,q), or Sp(2n,q), n > 3. Then V = V() for some
fundamental weight A.

Proof: Suppose first G & SU(n,q). Let n = 3. Then we have Q € Sylz(G).
Hence by (0.3) €v(Q) is an irreducible module for the torus. This gives that
Cv(Q) is one dimensional over GF(¢?) and as [V, R] < @v(Q) we get |[V, R]| < ¢*.
As there are g, h € G such that G = (R, RY, R*), we get |V| < ¢° and so V has to
be the natural module. For n = 4, we have U(4,¢) ~ 27(6,¢) and the assertion
follows with (1.4).

Assume n > 5 or G a symplectic group. In the latter the assertion follows for
R long with (1.5). So we may assume that R is short. Let G; = Ng(R). Then by
induction V1 = €y(Q) is a trivial module for G; or some fundamental module.
Let V; be nontrivial. There is some R? < G1—Q such that [S, RY] < Q, where S €
Syly(Gy). Now we get with (1.1) that @'y(S) is centralized by (S, Q?) = O (P,).
Further as V; is fundamental we get with (0.4) that V = V(A), A = Za;A;, where
a; = 0 for all but one i,i > 1. As @y(8) is centralized by 0% (P;) we get a; = 0
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and so V is fundamental. If V; is trivial, then let G,, be the other maximal
parabolic containing § with connected diagram. As [V, R, C¢(R)] = 0, we get
[V,R,02(G)] = 0. Now R C 03(Gr) and so [V, (R®™),(R%=)] = 0. Hence a
Sylow 2-subgroup of P;/0;(P;) acts quadratically on €y (Oz(P1)) =W. So W
is the natural module by [Hig]. Let V = V(X), A = Za;A;. We have by (0.4)
a1 # 0 and a; =0 for : > 1. So V is the natural module. |

LEMMA (1.7): Let G be E,(q), n = 6,7,8, with Dynkin diagram

1 2 5 n
0—0—0—0-0—0

DO —OW

Then one of the following holds:

(i) n=6andV =V(A) or V(X)

(i) n="TandV = V().

Proof:
(i) Let G = Eg(g)- Then Ng(R) = G,. Furthermore 0% (G4/Q) ~ SL(6,q).

(i)

Soby (1.2) V4 = €@v(Q) is trivial or a fundamental module. Let R < Q—R.
Then by (0.5) Ty(S) is centralized by 0% (Py) for S € Syly(Ps), so if
V=V, A= 2:;1 a;);, then a4 = 0. Now some a;, ¢ # 4, has to be
nonzero. We have that 0% (G,/K;) ~ 0% (Gs/Ks) ~ Q7(10,q), where
K; = 02(Gi), 1 = 1,6. Now by (1.3) V; = @v(G;) is trivial, a natural
module or a spin module for 0% (Gi/K;), i = 1,6. Now V; implies that
a3 = as = 0 and at most one of a3 or ag is nonzero. Furthermore Vs implies
that a; = a3 = 0 and at most one of a; or as is nonzero. This shows that
ay = a3 = a4 = a5 = 0. As V} is fundamental we get exactly one of a; or
ag is nontrivial, the assertion.

Let G ~ E7(g). Then Gy = Ng(R). We have 0% (G1/Q) ~ Q+(12,q). So
by (1.3) Vi = €v(Q) is a trivial, natural or spin module for Q%(12, ).
Application of (0.5) shows that [ €v(S),0% (P;)] = 0. Let V = V()
A= E;l @; )i, A; fundamental weights. We have a; = 0 by (0.5) and in
any case ag = 0. Further exactly one of a;, i # 1,86, is nonzero. Hence V;

is nontrivial. As there is some conjugate R? < G7 — 02(G7), we may apply
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(i). As a; = as = 0 we get [@v(S),0%(G7)] =0 and so a; =0 for i # 7
and then V =V (\7).

(iii) Let now G ~ Es(q). Then Gs = Ng(R). By (0.5) we again have that
@v(S) is centralized by 0% (P). By (ii) we have that Vs = @v(Q) is a
trivial 0% (Gg)-module. Let V = V()), A = S5, a;Xi, A fundamental
weights. By (0.5) as = 0. By (ii) a; = 0 for ¢ # 7. With (1.3) applied to
Vi = Cv(02(G1)) we get a7 = 0, a contradiction. 1

LEMMA (1.8): Let G be 2Eg(q) or Fy(q) with Dynkin diagram

1 2 3 4
0—0—0—0

Choose notation such that Ng(R) = Gy, then V = V()\y).

Proof: By (0.5) we have that [ €y(S),0% (P,)] = 0, S € Syly(G;). So V; is
a nontrivial module. Furthermore there is some conjugate RY € G; — @, such
that R9 < Z(02(G,)). This gives 0 (Gs) = (Q,Q9)S. As V; C [V, R] we have
[V, Rl N[V, R?] # 0 and so we get that Cy(02(G4)) is a trivial module. Now by
(1.5), (1.6) we have that V) is the natural module, so V = V(). [ |

LEMMA (1.9): Let G be G2(q). Then V is the natural module.

Proof: The assertion is clear for ¢ = 2. So assume ¢ > 4. Let Gy = Ng(R) and
G, be the other maximal parabolic containing a Sylow 2-subgroup S of G. Let
Vi = @v(02(Gi)), i = 1,2. Then by (0.5) we have that V; is a trivial module.
By (0.7) we have that €v(Q) is the natural G;/Q-module. Now (0.4) yields the

assertion. 1
LEMMA (1.10): Let G be ®*D4(q). Then V is the natural module.

Proof: Let Gy, G; be the two minimal parabolics containing a Sylow 2-subgroup
S of G. Choose notation such that G2 = Ng(R). Let K; = 0,(G;) and
Vi = Cv(K;), i = 1,2. Then by (0.5) we have that V} is a trivial module.

Choose conjugates R9, R* such that (R,R%) 4 G, R*n K, =1, R* < K,.
Choose z € R, y € RY. We have

[Cv(zy),z] = [Cv(zy),y]

and so
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|Cv(zy) : Cv((z,y) = |Cv(zy): Cayy(z)| =
[ Cv(zy), z] N[ Cyv(zy),y]l < |[V,2z]n[V,y]l < |[V, R N[V, R7]|.

As zy ~ = we get

1) |Cv(z) : Cv({z,y)| <[V, RN [V, R7l.

Now choose u € R*. As O¥(G,) acts 2-transitively on R and [[V,R] N
[V, R9), 0% (G1)] = 0, we get that [V, RIN[V, Rf] = [V, (R9)*]N[V, R¢] = [V, R9}*n
[V, R9). This shows |[[V,R?),u}| = |[V,R] : [V, R*] N[V, R)|. As R* ~ R in G3,
we get for ¢ € R by (1) using [V, RY,z] = 0:

IV.RI0 [V, B?]| 2 | @v(=) : Tv((=z,u)| 2 |[V,R*]: Cpv,pe)(u)]

)
= [V, B}, u]l = |[V, R] : [V, R*] n [V, R]|.

As [V, RN [V, R?] is normalized by G4 and centralized by 0% (G,), we get that
IV, R]N [V, R¥)| < |Vi]. As W is trivial for O% (G;) and irreducible for a torus
we get |V1| < ¢% and so |[V, R] N[V, R9)| < ¢°. Furthermore [V, R] is a nontrivial
module for Ly(¢%) which shows |[V,R]| > ¢° Hence by (2) |[V,R]| = ¢® and
[[V,RIN[V,R9]| = ¢*. If ¢ # 2, then we have Qjy,p(S) = Cv,r)(s) for any
s € S#*. If ¢ = 2 the same is true as any involution in S inverts an element of
order 7in SL(2,8) ~ G2/ K;. So S acts quadratically on [V, R]. Hence V; is the
natural SL(2,¢%)-module. So by (0.4) we get the assertion. |

LEMMA (1.11): G % 2Fy(q).

Proof: Suppose false. The proof follows [MeiStr;(2.17)] where the case of the
Tits group has been treated. Let Gy, G2 be the two minimal parabolics contain-
ing a Sylow 2-subgroup S. Choose notation such that G; = Ng(R). Let T be
the coset graph with respect to Gy and Gj. Let (1,2,3,4,5) be a path of length
4 in T with “G; = G;” and “G; = Go”. Set Z; = (R%) and U; = (251),
then Uy = Q. We know that [V,R,U1] = 0. As Uy £ 02(Gs) 2 Us we
get (Uh,Us)02(G3) > 0*(G3). As Uy N Us is centralized by (Uy,Us), we see
Ui nUs| < g. Now |U; N Oz(G3)| = ¢*, which gives Uy N 02(G3) £ Us. So
we get (U,Us) > O*(G3) and (O*(G;3) N G1)R = Gy N G,. Moreover (U1, Us)
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centralizes [ €y (Uy), Z(02(Gs))] and hence G; N G2 centralizes [U, Z(02(Gs))]
for any chief factor U of Gy in @y (U;). As 0% (G1/02(Ng(R))) ~ Sz(q) we get
with (0.6) that [U, 0% (G1)] = 1. Hence we have that [€v(Q), 0% (G;)] = 1.

Choose now RY < @ — R. Then (0.5) shows that @y(S) is centralized by
0% (Gs). But then T'y(S) is centralized by G, a contradiction. 1

Now (1.1) - (1.11) and (0.6) prove the Theorem.

2. Strong quadratic modules

In this chapter we are going to prove Corollary 1. So we assume

Hypothesis 2: Let G be a Chevalley group over GF(q), ¢ = 2*, V a nontrivial
irreducible GF(¢)G-module and A be a nontrivial 2-subgroup of G such that
[V,A, A% =0 for any g € G with [4,A49] = 1. ]

Choose A maximal satisfying hypothesis 2. Let h € G such that [4, A*] = 1.
Set B = (A, A*). Then for g € G with [B, BY] =1 we get [V, (4, A*), (49, A%9)]
= 0. By maximality of A this implies A = B, i.e. A4 is weakly closed in €g(4)
with respect to G.

For the remainder of this chapter let G, V be as in hypothesis 2 and A < G
be maximal satisfying hypothesis 2.

LEMMA (2.1): Let G # Sp(4,9), G2(2) and R be a long (if G ~ Fy(q) any)
root group. Suppose there is some quadratic fours group W, (with (WNe(R))
nonabelian in case G ~ SL(n,q)), contained in Ng(R) such that one of the
following holds

(i) W N Z(0x(Na(R))| = [W O R| =2.

(ii) W N Z(02(Ng(R))) = 1 and there is some g € G such that w] = wy,

w) =wyr, for 1 #7 € R and W = (w;, ws).

Then (G, V) satisfies the assertion of corollary 1.

Proof: Suppose (ii), then (w,,r) satisfies (i). So we may assume that we
have (i). Set @ = Z5(02(Ng(R))). Now we get (W F¢(ROW)) > @ and as
[V,RNW,W %s(ROW)] — ¢ we get [V,RNW,Q] = 0. Now [V,R,Q] = [V,(RN
W)Ne(R) QN6(R)] = 0. Application of the theorem gives that (G, V) is as in the

corollary 1.
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LEMMA (2.2): Let G # SL(n,q),U(3,4q),Sp(4,9),Sz(q) or G2(2). Let R be a
long root group. If AN R # 1, then corollary 1 holds.

Proof: As G % SL(2,q), Us(q), or Sz(q), we have R is not weakly closed in
Cc(R). So A £ R. If A £ Z(02(Ng(R))), then A contains a fours group
satisfying (2.1)(1). (Notice G ¥ SL(n,q)). So (2.1) yields the assertion. Let
A C Z(02(Ng(R)). So we have Z(02(Ng(R))) # R and then G ~ Sp(2n, q) or
Fy(q). As Ng(R) acts indecomposably on Z(02(Ng(R))) and A is weakly closed
in Cc(A) we get A = Z(02(Ng(R))). In case of Fy(q) there is another root group
L such that LN A # 1. Now the same argument shows A = Z(02(Ng(L))). As
Z(02(Ng(R))) # Z(02(Ng(L))) in Fy(q) we get a contradiction.

We are left with G ~ Sp(2n,q), n >3, |A| = ¢*. Let L be a short root group
L < A. Then (AN¢(D)) = 0?(Ng(L)). This gives [V,L,0* (Ng(L))] = 0. By
(1.6) we get that V is the natural module and we are done. ]

For the remainder of this chapter we fix the following notation: Let R be a long
root group centralized by A and @ = O3(Ng(R)). Let S be a Sylow 2-subgroup
of Ng(R) containing A.

LEMMA (2.3): K G # (5)L(n,q)," Fi(9), Sp(2n,q), Fi(q), (S)U(3,9), Sz(q) or
G2(2), then corollary 1 holds.

Proof: Let A < @. In all Chevalley groups not excluded by assumption we have
[A,Q] £ Randif a € A—R, then [a,Q] = R. So as A is weakly closed in T(A),
we get either A C R or R < A. Now the assertion follows with (2.2).

Let now A £ Q. Suppose ANQ = 1. Then [Ng(A4),A] =1. As Ce(Q) C Q, we
have Ng(A) # Q. Now for z € Q@ — Ng(A), [z, 4] € Ng(A), we have [A%, 4] = 1.
But A is weakly closed in €g(A), a contradiction. So AN Q@ # 1.

Let 1 £z € ANQ. SetY = Cg(z). Choosea € A}, g € Y witha? = ay,y # 1.
Then (z,y) acts quadratically on V. If z € R, then (2.2) yields the assertion.
Suppose z € R. If y € Z(Y'), then (z,y)NZ(02(Ng(R))) = 1. Furthermore there
is some u € Y with y* = yr, r € R}, as R = O2(Ng(R))'. So (2.1)(ii) applies
and corollary 1 holds. We are left with y € Z(Y'). Let Y; = [a,Y] C Z(Y). We
have |Q : Y| = ¢ and |Q : Tp(t)] = q for any t € Q@ — Z(Q). If |Y;| > ¢, then
there is some t € @ — Y with ' = zr, r € RY, but y! = y, for some y; € Yf. So
either (2.1)(ii) applies to (y1,«) or y1 € R and so (2.1)(i) appliesas z ¢ R. In
any case we get the assertion.
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So as [Q,A4] < Y, we get |[Q/R,a]| < ¢* for any a € A — Q. In particular
G 2 En(q), n = 6,7,8, 2Es(q), or 3Dy(q), by using Chevalley commutator
formulas. So we have G = (S)U(n, g), G2(g) or Q%(2n, q).

Let G ~ (S)U(n,q). Then @/R is the natural module for SU(n — 2,¢). So A
is a group of transvections on the natural module implying |[A: AN Q| < ¢ and
there is some g € G such that AQ < QR?. Furthermore by (2.1) we may assume
ANQ < Z(Y), otherwise (z,y),z € ANQ,y & Z(Y) satisfies (2.1)(ii).

We have [Z(Y),R%]=1. Leta € A-Q,thena=uv,u €Y,v € R, [u,v] =1
Suppose u ¢ Z( Co(R?)). Then there is some s € Co(R?) with u® = ur, r € R},
Now a® = ar but z° = zr. Hence (z,a) satisfies (2.1)(ii) and so we have the
assertion. Assume now u € Z( €g(R9)). Then uv is in a conjugate of R? and so
we have the assertion with (2.2).

Let G = G2(q) and L # Ng(R) be the other parabolic containing S. Set
E = 0y(L). As [E,0%(L)] # 1, we get as before that ANE # 1. As Z(E)' C
RE, we get with (2.2) that AN Z(E) = 1 or the conclusion holds. So assume
ANZ(E)=1. Then[A,Z(E) =1andso A C E. As E' = Z(E) this contradicts
the fact that A is weakly closed in Cg(4).

So assume finally that G = Q%(2n, ¢). Let L be the parabolic with O%¥(L/E) =
QF(2n — 2,q), E = Oy(L). Again ANE # 1. If AC E, then by weak closure
A = E, which with (2.2) yields the assertion. Let A £ E. As E is the natural
module for Q%(2n — 2, ¢), there is some t € A — E and s € E such that [t,s] = f
is contained in a some long root group F. So (f,e),e € EN A is a quadratic fours
group. As e € T and Z(03(Ng(F))) = F, (f, ) satisfies (2.1)(i). So we get the

assertion. |
In what follows we analyze the cases left in (2.3) one by one.

LEMMA (2.4): If G = Sp(2n,q), corollary 1 holds.

Proof: Suppose false. Let L be a short root subgroup contained in Z(S) and
M = 0,(Ng(L)). Suppose first n = 2. Obviously we may assume g # 2. Then
A < Q or M as any elementary abelian subgroup of S is in Q or M. As Ng(Q)
and Ng(L) act irreducibly on @, M, respectively, we get A = Q or A = M by
weak closure. Now the assertion follows with the theorem.

So we have n > 3. Let A < Q. If AN R # 1 the assertion follows with
(2.2). So we may assume AN R = 1. Now [4,Q] C R. If A € Z(Q), then
(A®) = (A, R), contradicting A = Aand RNA =1 SoAC Z(Q) Ifqg>2,
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then Ng(Q) acts indecomposably on Z(Q). As A is weakly closed in Z(Q), we
get A = Z(Q), contradicting ANR = 1. So we have ¢ = 2 and A is a complement
of Rin Z(Q), i.e. |A| = 4. Let U be the maximal parabolic containing S such
that 02 (U/03(U)) = La(2). Then (AY) is the natural module (n > 3), a
contradiction to the fact that A is weakly closed in Tg(A).

So we may assume A £ Q. We have 0% (Ng(R)/Q) = Sp(2n—4,q) x Ly(q). By
(2.2) we may assume ANR =1. Suppose ANZ(Q)# 1. Leta€ ANZ(Q},z €
A — Q. Then (a,z) acts quadratically on V. So [V,a,z T¥¢®(3)] = 0. Hence
[V, a, @] = 0 because any normal subgroup of T'¢(Z(Q)) not contained in @ has
to contain @. So there is a fours group (ba, a),ba € R acting quadratically on
V. Let a € L. If A < M, then by weak closure A =M. But then ANR#1, a
contradiction. So we have A £ M. But as AN M ¢ L by weak closure, we get
some t € M N A,t in a long root group, which with (2.2) yields the assertion.

So we are left with a ¢ L. Then a is an involution of type c;. So we may
assume b € L. As a € Ng(L) we get a %¢(®® > M and so [V,b,M] = 0. Now
V,b,MNQ} =0. As [V,a,Q] = 0, we get [V,ab,M N Q] = 0. But then
[V,ab, (M N Q) ¥s(a1)] = 0 and so [V, ab, Q] = 0, and the assertion holds by the
theorem.

So we just have to treat the case AN Z(Q) = 1. Now weak closure implies
A C @(Z(Q)). Asin (2.3) we get that |[Q/Z(Q),t]] < ¢ forany t € A — Q.
This shows |4 : AN Q] < ¢ and A induces transvections on both Sp(2n — 4, ¢)-
modules involved in Q/Z(Q). Now there is some p € Ng(R), o(p) = ¢ + 1, with
[A,p) € Q. As AC N(M), weget AC N(MP)andso ANM #£1+£ ANM°.
But M N M? = (QNM)N(QNMP)C Z(Q). This shows that there is some
(z,9) CA {(z,y)NZ(Q) =1,z € M, y € M?. Hence there issome g € M N Q
with y¢ = yr, r € R*. Application of (2.1)(ii) gives the assertion. |

LEMMA (2.5): If G = F4(q), corollary 1 holds.

Proof: Let A< Q. If A £ Z(Q), then (49) = AR. As A is weakly closed in
@(A) we get R C A. Now (2.2) yields the assertion. So assume A C Z(Q). By
weak closure we get A = Z(Q) and so again R < A and (2.2) yields the assertion.
So we may assume A £ Q. Now we show that we may assume that A induces
transvections on Z(Q). For this choose t € A — @ such that |[Z(Q),t]| > ¢%. As
AN Z(Q) # 1, there is a foursgroup (a,b) < Z(Q), a € A, such that (a,b) acts
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quadratically on V, b is a root element, and (a,b) < O2( @(b)) — Z( T(d)).
But now (2.1)(i) yields the assertion.

So assume that A induces transvections on Z(Q). This shows [A: ANQ| < ¢
and |[4,Q/Z(Q)]| = ¢*. f|ANQ : ANZ(Q)| > g, then there is some foursgroup
(z,y) € AN Q such that (z,y) N Z(Q) = 1 and for some h € Q, z* = «,
y* =yr,r € R} as |Q : Cg(t)] = q for any ¢t € @ — Z(Q). Now (2.1)(ii)
yields the assertion. So assume |[ANQ: ANZ(Q)| <gq. Let a € ANQ ~ Z(Q).
Then the action of A on @ shows that there is some g € Tg(a) ~ Z(Q), such
that 9 = be, for b € A — @ and ¢ not in the root group determined by a.
But then (a,c) acts quadratically on V, and (2.1)(i) yields the assertion. So
assume AN Q = AN Z(Q). Let L be the other type of root groups such that
LR C [Z(Q),A]. Set M = O3(Ng(L)). Then as A induces transvections on
Z(Q), we get AQ C Z(M)Q. Now (Z(M)Q) C Z(M), so [A,Q] C Z(M). As
lla, Q/Z(Q))| = ¢* for a € A — Q, we get that |[a,Q]L/L| = ¢° and [a,Q, a] = 1.
But then [a, Q]L/L is centralized by a and [[4, @], A] = 1. Hence (A?) is abelian.
Now weak closure gives |[ANZ(M)| > ¢°. But then as |Z(M) : Z(M)NQ| = ¢, we
get [ANQ|=|ANZ(Q)| = ¢*. So |JANZ(Q)N Z(M)| > ¢*, but this contradicts
Z@NZ(M) =g W

LEMMA (2.6): If G = SL(n,q), corollary 1 holds.

Proof: Let Q = EyE;, E; 9 Ng(R), E; elementary abelian, : = 1,2. Then
A < Ng(E;). As in all cases before we get AN E; # 1 by weak closure. But all
elements in Ef are conjugate and so we may assume AN R # 1.

If A C E, we get by weak closure A = E; and then the assertion with
[MeiStr1;(1.6)). So assume A € E;. Choose z € RN A, y € A— E;. Then
(z,y) is a quadratic fours group and U = ((z,y)Vs(®) > E,. So U’ # 1. Now
we may apply (2.1) (i) to (z,y) which implies the assertion. [ |

LEMMA (2.7): G # %Fy(q).

Proof: Suppose false. By (2.2) AN R = 1. So by weak closure we have A £
O2(Ng(R)). Let t € A — Oz(Ng(R)). Then |[t,Q]| = ¢%. As A is weakly closed
in C(A) we get that either |[AN Q| > ¢® or there is some a € ANQ, b € Q such
that t* = tr, where r is not in the root group belonging to a. Hence (a,r) is
a quadratic fours group. So in both cases we get a quadratic fours group in @

which is not contained in a root subgroup, which contradicts (2.1). 1
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LEMMA (2.8): If G = Sz(q), then V is the natural module.

Proof: We have A = R. As G = (R,R9) for any ¢ € G — Ng(R), we get
V = [V,R] @ [V, R?]. By [Mar] V is the natural module. |

LEMMA (2.9): If G = (S)U(3,q), then V is a basic module as in corollary 1.

Proof: We have R = A. Let X = (R, R?) ~ SL(2,q) for some g € G. Then
we know that V involves just natural X - modules by (2.6). As any irreducible
G-module is a restriction of some irreducible SL(3, ¢?)-module, we may assume
that V is irreducible for H = (S)L(3,¢q) and X < G < H. By Steinberg’s
tensor product lemma any irreducible H-module is a tensorproduct of algebraic
conjugates of the basic modules. We may assume that all this basic modules are
nontrivial. Then V involves tensorproducts of algebraic conjugates of the natural
X-module. The quadratic action of X now gives that the tensor product just
has one factor, i.e. V is an algebraic conjugate of a basic module. Over GF(2)

this means that V is a basic module. [ |
LEMMA (2.10): If G = G2(2), then V is the natural module.

Proof: We have a quadratic fours group. It is easy to see that V has to be the

natural 6-dimensional module. [ |

Now Corollary 1 follows from (2.3) - (2.10).

3. Quadratic fours groups

Hypothesis 3: Let G be a Chevalley group over GF(g), ¢ = 2", V a nontrivial
irreducible GF(¢)G-module. Let R be a long root subgroup of G and E be a
fours group with |[E N R| = 2. Assume [V, E,E] = 0. |

For the remainder of this section we are working under hypothesis 3. We are
going to prove Corollary 2.
We fix the following notation:

(i) (¢ =ENR.

(ii) X = (E Tele)).
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LEMMA (3.1): If X D Z5(O2(Ng(R))), then the conclusion of corollary 2 holds.

Proof: As [V,e,X] = 0 and (eN¢(®) = R, the assertion follows from the main

theorem. [ |

LEMMA (3.2): If G % SL(n,q), Sp(2n,q), Fi(q) or Ga(q) the conclusion of
corollary 2 holds.

Proof: In all other cases T'g(R) acts irreducibly on Z3(03(Ng(R))}/R and
Z5(032(Ng(R)))/R is the only minimal normal subgroup of €¢(R)}/R. So Z3{0,
(Ng(R))) € X. The assertion follows with (3.1). 1

LEMMA (3.3): Let G = SL(n,q), then V = V() for some fundamental weight
A

Proof: By (3.1) we may assume Oz(Ng(R)) € X. Let O2(Ng(R)) = E E», E;
elementary abelian of order ¢"~}, E; 4« Ng(R), : = 1,2. Then we may assume
X C E;. Assume first X = E;. As X = (eN¢(®) we get 0 = [V, (eNe(®)), X] =
[V,X,X]. As X is weakly closed in @(X) with respect to G, the assertion
follows with corollary 1.

So X # E;. This is only possible for n = 3. We have that R acts quadratically
on V. Furthermore S = E1R? € Syly(Ng(E1)) for suitable ¢ € G. Set V; =
Cv(Ey).

If [RY, V1] # O, then @y(S) is centralized by (S,X9). As X9 C Ei and
Ef N Ng(E,) = R, we get (S,X9) = 0¥ (Ng(E;)). As by [Hig] V; is a natural
SL(2,q)-module, we get with (0.4) that V is the natural module, as V3,V; are
like in the natural module.

If [Vi,0% (Ng(E,))] = 0, then @y(E;) has to be a natural module by [Hig]
as S = E,R* for suitable h € G, S € Syly(Ng(E;)). Now again by (0.3) Visa

natural module. 1

LEMMA (3.4): Let G = Sp(2n,q), then V = V(A) for some fundamental weight
A

Proof: By (3.1) we may assume X = Z(O2(Ng(R))). Let f € X, f € R R
a short root subgroup. Then [V, (e, f), (e, f)] = 0. Set Y = ((e, f) TeV). As
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e € Oy( Ce(R)), we get Y = O3( €5(R)). Furthermore (fN¢(®) = R and so
[V,R,Y] =0. Now the assertion follows with (1.6). n

LEMMA (3.5): Let G = Fy(q), then V = V() for some fundamental weight A.

Proof: By (3.1) we may assume that X = Z(02(Ng(R))). So we may assume
E={(f),e€R, fe R, R € X, R a short root subgroup. As G possesses
an outer automorphism a with R* = R, we may also assume that (E (/) =
Z(02(Ng(R))). So E C Z(0,(Ng(R))) N Z(03(NG(R))) = RR. Furthermore
we have (eN6(R)) = R and (fNe(®) = R. This gives

(*) [V, R, Z(02(NG(R)))] = 0 = [V, R, Z(02(Nc(R)))].

Now we fix a Sylow 2-subgroup S of Ng(R) with Z(S) = RR. Let G4,Gs,
G3,G4 be the four maximal parabolic subgroups of G containing S. Set K; =
02(G;) and V; = Cv(Ky).

Let V; be a nontrivial module for 02 (G;) for some i. There is some g € G
such that for T = R9 or RY the following holds:

(i) T g Gi\o2(G,‘).
(ii) [T, 5] € O2(Gi).
(iii) [V;, T #0.

By (0.3), (ii) and (iii)) €v(S) C [V;,T] and so by (¥) Cv(S) is centralized by
(S, Z(02(Ng(T)))). As Z(03(Ng(T))) € Gi, we get that T'y(S) is centralized
by 0% (P;), where P; is the minimal parabolic subgroup containing S but not

contained in G;. So we have

(x%) If [V;, 0% (Gi)] # 0 for some i € {1,2,3,4}, then [€v(S),0% (P:)] = 0,
where S C P, P; € G..

From (*x), we get that there is exactly one j € {1,2,3,4} such that [ Cv(S), o?
(P;)] # 0. As there is some h € G such that for U = R* or R* we have § =
02(P;)U and [V,U,U] = 0 by (*), we get with [Hig] and (0.3) that @'v(Oz(F;))
is the natural module for 02 (P;/0,(P;)) = SL(2,q). Now V = V(};) by (0.4).
|
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LEMMA (3.6): Let G = G3(q), then V is the natural module.

Proof: By (3.1) we may assume X C O2(Ng(R)), X # O2(Ng(R)). Let G1,G2
be the two maximal parabolics containing S € Sylo(Ng(R)), where Gy = Ng(R).
There is some g € G such that RY0,(G3) = S. As R C X, we have [V,R,R] = (.

Suppose first that [ €'v(0(Gz)), 0% (G3)] # 0. Then Cv(S) C [Tv(0:(G2)),
RI) and so @v(S) is centralized by S and X9. But X9 € G, and so (S, X9) =
0% (G,) centralizes €v(S). By (0.3) and [Hig] @v(02(G:)) is the natural
0% (G2)/02(G2) = SL(2,9) module. So by (0.4)(c) V = V(Az).

Let f € Z(02(G2)) — R, then f ~ e ~ef. By (0.1) W = [V, f]n[V,e] # 0.
Let g € G2 with ef = f, then W is centralized by (X, X9).

We have that W is invariant under Oz(G) and so WN @'y(02(Gz)) # 0. This
shows that there is some v € Cy(02(G2))? such that v is centralized by some
element v # 1 of odd order in 0% (G2). (Notice that (XNo(5)) = 0,(G;) and so
X € 0% Gy)). But €y (02(Gz)) is the natural module, a contradiction.

So we have that [@'v(S),0?(G;)] = 0. As R C X, we get with (0.6) that
Cv(03(G1)) is the natural module for 02 (G;)/0(G;) and so by (0.3) V is the
natural module for G. 1

Now Corollary 2 follows from (3.1) - (3.6).
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